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In this paper, we propose and study a model, in which there exists only one basic neutrino.
Basically, the Lagrangian of the model is obtained from the Lagrangian in the Glashow-Weinberg-
Salam electroweak theory by reducing the three flavor neutrinos there to one basic neutrino. In this
model, neutrino states with a fixed flavor are interpreted as certain superpositions of states of the
basic neutrino and states of the related charged lepton. Neutrino mass states are associated with
low-lying eigenstates of the total Hamiltonian. We derive an approximate expression for a ratio of
neutrino-mass differences, which gives a value 17 for the ratio, about half of the experimental result
of 33.
I. INTRODUCTION
Neutrino oscillation [1–10] is one of the most important
discoveries made in the past two decades in physics. This
phenomenon can not be described within the standard
model (SM), the most successful quantum field theory
that has ever been developed up to now [11, 12]. To
give a proper explanation to it is still a big challenge to
theoretical physics and this is one of the reasons for the
topic of going beyond the SM to attract lots of attentions
(see, e.g., [13–15]).
The neutrino oscillation may be described in a simple
way, if the three flavor neutrinos observed experimen-
tally, namely, the electron neutrino, muon neutrino, and
tauon neutrino, are assumed to be mixtures of three mass
states of neutrino. Based on this understanding, the sim-
plest way of going beyond the SM at a phenomenologi-
cal level is to insert some three-dimensional mass matrix
into the total Lagrangian in the SM, given in the basis
of the three flavor neutrinos (see, e.g., the review pa-
per Ref.[10]). Due to the phenomenological nature of
this treatment, it is inevitable for the mass matrix to
have many free parameters, although arguments based
on symmetry consideration may suggest some relations
among them.
Going further along the above-discussed line of under-
standing neutrino oscillation, an interesting question is
whether the three neutrino mass states may be stud-
ied as eigenstates of some total Hamiltonian in a very
large state space, not restricted within a presumed, three-
dimensional subspace spanned by flavor neutrino states.
In such an approach, an interpretation of flavor neutrino
states would be needed within the large state space. An
idea to be adopted in this paper is that, if three types
of states can be found in such a large state space, all
of which have certain relation to neutrino, such that
each type of them interacts effectively with one species
of charged lepton only, or almost so, then, these three
types of states may be interpreted as three flavor neu-
trino states. If such states may be found, then, there
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would be no compelling reason to stick to the assump-
tion of three species of neutrino at the fundamental level;
in other words, the possibility that there may exist only
one basic neutrino at the fundamental level should not
be excluded.
In this paper, we propose and study a model, in which
there exists only one basic neutrino at the fundamen-
tal level. Except for this point, basically, the model is
constructed in a way similar to the Glashow-Weinberg-
Salam (GWS) electroweak theory [11, 12]. In this model,
we find three types of states that can be interpreted as
flavor neutrino states in the sense discussed above. The
three neutrino mass states are associated with low-lying
eigenstates of the total Hamiltonian. We derive an ap-
proximate expression for the three neutrino-mass states,
which includes an unknown parameter related to the
basic neutrino. But, the neutrino-mass differences pre-
dicted by the expression, which are mainly due to interac-
tions among leptons, do not depend on the unknown pa-
rameter; even further, their ratios can be approximately
expressed in terms of experimentally-measured masses of
charged leptons.
The paper is organized as follows. Basic contents of the
proposed model are discussed in Sec.II. In Sec.III, we dis-
cuss properties of some subspaces of the total state space
and show that ground states of the parts of the total
Hamiltonian within these subspaces may be associated
with flavor neutrino states. Then, in Sec.IV, we derive
an approximate expression for neutrino masses and com-
pare some of its predictions with experimental results.
Finally, conclusions and discussions are given in Sec.V.
II. THE PROPOSED MODEL
In this section, we introduce the proposed model and
discuss its basic properties.
A. Basic contents of the model
In the proposed model, we consider only leptons and
vector bosons mediating the electroweak interactions.
There are eight elementary particles: one basic neutrino,
2three charged leptons (electron, muon, and tauon), and
four vector bosons (photon and bosons Z0 and W±).
We assume that the basic neutrino can not be experi-
mentally detected; what are detected in experiments are
flavor neutrino states, the descriptions of which will be
discussed later.
We use ν to indicate the basic neutrino and use κ =
e, µ, and τ to indicate the three charged leptons of elec-
tron, muon, and tauon, respectively. The corresponding
antiparticles are denoted by ν and κ+, respectively. The
left-handed fields of the basic neutrino ν and of a charged
leptons κ are written in a doublet form,
EκL =
(
ν
κ
)
L
, κ = e, µ, ν. (1)
The right-handed fields of κ are indicated by κR. Ignor-
ing terms related to masses, the Lagrangian L for the
eight particles in the proposed model has a form, which
is obtained from the Lagrangian in the GWS theory by
reducing the three flavor neutrinos there to one basic
neutrino. Specifically, it is written as
L =
∑
κ
E
κ
L(iγ
µ∂µ)E
κ
L + κR(iγ
µ∂µ)κR + eAµJ
µκ
EM
+g(W+µ J
µκ+
W +W
−
µ J
µκ−
W + Z
0
µJ
µκ
Z ) + LB , (2)
where LB represents the Lagrangian for the bosons and
Jµκ+W =
1√
2
νLγ
µκL, J
µκ−
W =
1√
2
κLγ
µνL,
JµκZ =
1
cos θw
[
νLγ
µ
(1
2
)
νL
+κLγ
µ
(
− 1
2
+ sin2 θw
)
κL + κRγ
µ(sin2 θw)κR
]
,
JµκEM = κγ
µ(−1)κ. (3)
Bare masses of the three charged leptons and of the
bosons Z0 and W± can be introduced in the same way
as those in the GWS theory, by the Higgs mechanism
with the Higgs field. Similarly, a bare mass can be given
to the basic neutrino, if one assumes that it is a Dirac
fermion and has a right-handed field. We are not to give
further discussion for this part of the model, because it
will not be used in the discussions to be given below for
neutrino states.
From the form of the Lagrangian L given above, it is
seen that, for each pair (ν, κ) of κ = e, µ, τ , the inter-
action Lagrangian can be introduced by the gauge sym-
metry group U(1) ⊗ SU(2), in the same way as that in
the GWS theory for the corresponding generation of lep-
ton. This gauge symmetry guarantees that the proposed
model can be renormalized in the same way as the GWS
theory.
Moreover, it is not difficult to verify that the proposed
model has the same anomalies of Feynman diagrams as
the GWS theory. As is known, owing to the gauge sym-
metry in the theory, the anomalies in the GWS theory
can be cancelled within each generation separately, when
contributions from quarks are taken into account. Then,
since each pair (ν, κ) in the proposed model has the same
gauge symmetry as the corresponding generation of lep-
tons in the GWS theory, anomalies in the proposed model
can also be cancelled when contributions from quarks are
taken into account.
Finally, we note that, since the basic neutrino field ap-
pears in each of the three doublets EκL, if there is no
restriction to rotations in the spaces of the three dou-
blets with respect to the SU(2) symmetry, a mixture of
the charged leptons would be allowed, which has never
been observed experimentally. In order to avoid such a
mixture, some restriction must be imposed to the rota-
tions. For example, one may assume that certain quan-
tum number (conserved quantity) may be assigned to the
three charged leptons, such that rotations are forbidden
within the three spaces, or allowed to happen within only
one of the three spaces. We are not to give further dis-
cussions for this point, because this is irrelevant to the
main purpose of this paper.
B. Effective Hamiltonian
As discussed above, the proposed model is renormal-
izable. We assume that, in a renormalized version of
the model, the total Hamiltonian has eigenstates with fi-
nite eigenvalues at least in a low energy region. In the
following part of this paper, we discuss within such a
renormalized version of the model.
The state space of the renormalized model is spanned
by Fock states, which are eigenstates of a renormalized
free Hamiltonian denoted by H0,
H0 =
∫
dp˜
∑
α,F
ǫFp
(
bα†Fpb
α
Fp + d
α†
Fpd
α
Fp
)
+
∑
λ,B
ǫBpa
λ†
Bpa
λ
Bp, (4)
where p represents the 3-momentum, α and λ label the
spin, dp˜ = 1
p0
d3p, and ǫFp and ǫBp are kinetic ener-
gies of free particles, with renormalized masses ǫF0 and
ǫB0, respectively. Here, F indicates free fermions, with
F = ν, e, µ, and τ , and B = Z,W±, and A for the
Z0-boson, W±-bosons, and photon, respectively; bα†Fp
and dα†Fp are creation operators for the fermions F and
their antiparticles, respectively, and aλ†Bp are creation op-
erators for the bosons B; the corresponding annihila-
tion operators are written as bαFp, d
α
Fp, and a
λ
Bp, respec-
tively. The kinetic energies satisfy the ordinary relation,
ǫ2
F (B)p = ǫ
2
F (B)0 + p
2.
We use H to denote the renormalized total Hamilto-
nian and write it as
H = H0 + V, (5)
3where V indicates the renormalized interaction Hamilto-
nian, the form of which can be obtained from the bare
Lagrangian in Eq.(2). It is written as
V = VZ +
∑
κ
Vκ + VB, (6)
the meanings of which we explain below in detail. The
term VZ in Eq.(6) represents the interaction between the
basic neutrino and Z0-boson,
VZ =
∫
dp˜dq˜dk˜
∑
α,β,λ
RZ1 δ
3(k+ q− p)aλ†Zkbβ†νqbανp
+RZ2 δ
3(k+ q− p)aλ†Zkdβ†νqdανp
+RZ3 δ
3(k− q− p)aλ†Zkdβνqbανp + c.c., (7)
where RZr of r = 1, 2, 3 represent the interaction ampli-
tudes. Note that, in the interaction VZ , the nonphysical
term of creation of three particles from the vacuum and
its conjugate term have been omitted.
The interaction term Vκ in Eq.(6) involves the charged
lepton κ and has the form,
Vκ = Vκν + VκZ + VκA, (8)
where Vκν represents the interaction between the lepton
κ and the basic neutrino, mediated by W± bosons,
Vκν =
∫
dp˜dq˜dk˜
∑
α,β,λ
Rκν1 δ
3(k + q− p)aλ†
W+k
bβ†κqb
α
νp
+Rκν2 δ
3(k+ q− p)aλ†
W−k
dβ†κqd
α
νp
+Rκν3 δ
3(k− q− p)aλ†
W+k
dβκqb
α
νp
+Rκν4 δ
3(k− q− p)aλ†
W−k
bβκqd
α
νp + c.c.. (9)
The interaction amplitudes Rκνr of r = 1, 2, 3, 4 are in fact
independent of the specific species of κ. The term VκZ
in Eq.(8) represents the interaction between the charged
lepton κ and Z0-boson, which has a form similar to VZ in
Eq.(7). The term VκA represents the interaction between
the lepton κ and photon and it can also be written in a
form like that in Eq.(7).
Finally, the term VB in Eq.(6) represents interactions
among the bosons, which have the same forms as those
given in the GWS theory. A remark: Discussions to be
given below do not depend on explicit expressions of the
interaction amplitudes in V and, hence, it is unnecessary
to give discussions for their explicit forms.
C. States of observed particles
In this section, we discuss generic descriptions of par-
ticle states observed in experiments, in particular, their
mass states as eigenstates of the total Hamiltonian. We
use |0〉 to indicate the vacuum state. The Fock states
mentioned in the previous section are described by mul-
tiplications of creation operators on the vacuum state |0〉.
For the sake of clearness in presentation, we use |Fαp 〉 to
indicate the fermionic state bα†Fp|0〉, |κ+αp 〉 for dα†κp|0〉, |ναp〉
for dα†νp|0〉, and |Bλp〉 for the bosonic state aλ†Bp|0〉.
States of particles observed in experiments should pos-
sess certain stability, such that they may exist during a
finite time period. Due to the interactions depicted by V
in Eq.(6), such states should correspond to certain super-
positions of the Fock states. In particular, the mass state
of an observed particle, with a measured mass denoted
by mF (B), should be associated with an eigenstate of the
total Hamiltonian H within certain subspace of the total
state space.
As an example, let us consider the mass state of a
positron, denoted by |Ψα
e+
〉, satisfying the eigenequation
H |Ψα
e+
〉 = me|Ψαe+〉. The subspace spanned by Fock
states, which includes this state, should contain the free
particle state |e+α0 〉 with a zero momentum and be in-
variant under the action of the interaction V . We use
Ee+ to indicate the smallest subspace that possesses this
property. Specifically, Ee+ is spanned by |e+α0 〉 and all
those Fock states, denoted by |ψζ〉, for which
〈ψζ |V m|ζ0〉 6= 0 (10)
for some positive integerm. Due to the δ-functions in the
interaction V , Eq.(10) implies that each Fock state in the
space Ee+ should have a zero total momentum. The state
|Ψα
e+
〉 has the following expansion in Fock states,
|Ψαe+〉 = Ne+
(
|e+α0 〉+
∫
dq˜
∑
βλ
ceAβλ(q)|e+βq 〉|Aλ−q〉
+
∫
dq˜
∑
βλ
ceZβλ(q)|e+βq 〉|Zλ−q〉
+
∫
dq˜
∑
βλ
ceWβλ (q)|νβq〉|W+λ−q 〉+ · · ·
)
(11)
where Ne+ is the normalization coefficient.
The procedure of renormalization imposes no restric-
tion to the values of renormalized masses ǫF (B)0 of free
particles. Since the experimentally measured masses
mF (B) should be independent of the values of ǫF (B)0,
there should exist certain relations between the inter-
action amplitudes and the values of ǫF (B)0. For those
particles that are not the focus of this paper, namely, for
electron, muon, tauon, Z0-boson, W±-bosons, and pho-
ton, we choose the values of ǫF (B)0 as close as possible
to their measured values mF (B) and assume that
ǫF (B)0 ≈ mF (B) (12)
for these particles. This closeness of ǫF (B)0 to mF (B)
implies relative weakness of the corresponding interaction
amplitudes. Then, noting the zero mass of photon and
the largeness of mW and mZ , it is reasonable to assume
that, taking a major part of the right hand side (rhs) of
Eq.(11), the state |Ψα
e+
〉 can be written in the following
4form,
|Ψαe+〉 ≈ Ne+
|e+α0 〉+ ∫ dq˜∑
βσ
ceβσ(q)|e+βq 〉|fσe+〉
 ,
(13)
where ceβσ(q) are coefficients and |fσe+〉 represent states
of photons and of (κ, κ+) pairs, with a label σ standing
for the particle species in |fσ
e+
〉 and their momentum and
spin properties.
Following arguments similar to those given above, the
mass state of an antimuon is approximately written as
|Ψαµ+〉 ≈ Nµ+
|µ+α0 〉+ ∫ dq˜∑
βσ
cµβσ(q)|µ+βq 〉|fσµ+〉
 .
(14)
And, the mass state of a W+-boson is written as
|ΨαW+〉 ≈ NW+
|W+α0 〉+ ∫ dq˜∑
βσ
cWβσ(q)|W+βq 〉|fσW+〉
 .
(15)
By Lorentz transformations, the above states can be
transformed to ones that have a total momentum p,
which we write as |Ψα
e+
(p)〉, |Ψα
µ+
(p)〉, and |Ψλ
W+
(p)〉,
respectively. The related subspaces are written as, say,
Ee+(p).
Finally, we discuss the focus of this paper, namely,
neutrino states. Similar to the case of positron discussed
above, a neutrino mass state is associated with an eigen-
state of H within a subspace of the total state space.
This subspace, denoted by Eν , includes a basic neutrino
state bα†ν0|0〉 with a zero momentum and is invariant un-
der the interaction V . For brevity, we use |ζ0〉 to indicate
this state bα†ν0|0〉,
|ζ0〉 := bα†ν0|0〉, H0|ζ0〉 = ǫν0|ζ0〉. (16)
The subspace Eν is spanned by the state |ζ0〉 and all those
Fock states |ψζ〉 that can be “connected” to |ζ0〉 through
the interaction V , such that
〈ψζ |V m|ζ0〉 6= 0 (17)
for some positive integer m. Clearly, the space Eν is
invariant under the action of the Hamiltonian H , i.e.,
H |Ψ〉 ∈ Eν for all vectors |Ψ〉 ∈ Eν .
A main purpose of this paper is to study the parts of
neutrino masses, which come from interactions between
renormalized states of the basic neutrino and other par-
ticles. For this reason, we choose the renormalized mass
ǫν0 of free basic neutrino as small as possible.
The space Eν is infinitely large and it is a very difficult
task to completely solve the eigenproblem of H within it.
Here, we restrict ourself to approximate expressions for
a few lowest-lying eigenstates of H only, denoted by |Ψs〉
with a label s = 1, 2, 3, . . .,
H |Ψs〉 = ms|Ψs〉, |Ψs〉 ∈ Eν . (18)
If such states can be found, as discussed previously, we
interpret them as mass states of neutrino with masses
ms. As is well known, particle masses are independent of
their spin states. For this reason, for brevity, we do not
explicitly indicate spin states of the vectors |Ψs〉.
For the model proposed above to be of practical inter-
est, it should be able to predict some states, which may
be interpreted as flavor neutrino states. In the next sec-
tion, we discuss such flavor states. Then, in the section
after the next, we discuss approximate expressions of the
mass states |Ψs〉.
III. FLAVOR NEUTRINO STATES
In this section, we discuss states that may be related
to flavor neutrino states. Specifically, we discuss relevant
subspaces in Sec.III A, then, discuss ground states of H
within these subspace in Sec.III B, and finally in Sec.III C
we show that these states have properties that are usually
expected for flavor neutrino states.
A. Subspaces of Eν related to charged leptons κ
We consider subspaces of Eν , denoted by EνZκ with κ =
e, µ, τ , which are related to the following parts of the total
Hamiltonian H ,
HνZκ = H0 + VZ + Vκ. (19)
It is sometimes convenient to give the common part of
HνZκ an explicit notation, which we write
HνZ = H0 + VZ . (20)
Specifically, the subspace EνZκ is spanned by |ζ0〉 and all
those Fock states |ψζ〉, for each of which
〈ψζ |(VZ + Vκ)m|ζ0〉 6= 0 (21)
for some positive integer m. By a Lorentz transforma-
tion, which changes a zero momentum to a momentum p,
the subspace EνZκ is changed to a subspace whose states
have a total momentum p; we use EνZκ(p) to denote the
new subspace.
From the forms of the interaction terms VZ and Vκ
given previously, it is not difficult to see that, in addition
to the one-particle state |ζ0〉, the space EνZκ is spanned
by the following two-particle states,
|Φi〉 = |ναp 〉|Zλ−p〉, |Φk〉 = |καp〉|W+λ−p 〉, (22)
with subscripts i and k standing for (p, α, λ), and states
with more than two particles. One can write
EνZκ = EνZ
⊕
Eνκ , (23)
5where Eνκ is spanned all those Fock states |ψζ〉 in EνZκ that
contain the charged lepton κ, and EνZ is spanned by the
rest Fock states in EνZκ. Clearly, the space EνZ contains
|ζ0〉 and |Φi〉, and the space Eνκ contains |Φk〉.
We assume that HνZκ has eigenstates with positive
eigenvalues within the space EνZκ, and use |νκ〉 to indi-
cate the eigenstate with the lowest positive eigenvalue
denoted by E0νκ ,
HνZκ|νκ〉 = E0νκ |νκ〉. (24)
By Lorentz transformations, these states |νκ〉 can be
transformed to ones that have a total momentum p,
which we indicate by |νκ(p)〉. For the simplicity in discus-
sion, we do not discuss possible degeneracy of the eigen-
values E0νκ , which can be dealt with by introducing an
additional quantum number such as spin.
B. Properties of |νκ〉 and E
0
νκ
In this section, we discuss properties of the three states
|νκ〉. We assume that, with H0 taken as the unperturbed
Hamiltonian and with (VZ +Vκ) as the perturbation, the
state |νκ〉 has a convergent perturbation expansion,
|νκ〉 = Nκ
(
|ν(0)κ 〉+ |ν(1)κ 〉+ · · ·
)
, (25)
where Nκ is the normalization coefficient. The zeroth-
order term is given by |ζ0〉, i.e., |ν(0)κ 〉 = |ζ0〉.
The first-order contribution |ν(1)κ 〉 is written as
|ν(1)κ 〉 =
∑
i
Hi0
ǫν0 −Hii |Φi〉+
∑
k
Hk0
ǫν0 −Hkk |Φk〉, (26)
where |Φi〉 and |Φk〉 are defined in Eq.(22), Hi(k)0 =
〈Φi(k)|HνZκ|ζ0〉, Hii = 〈Φi|H0|Φi〉 = ǫνp + ǫZ−p, and
Hkk = 〈Φk|H0|Φk〉 = ǫκp + ǫW+−p. Since the masses
mW and mZ of the bosons W
± and Z0 are very large
and the value of ǫν0 is small as discussed previously, we
assume that the main contribution to the rhs of Eq.(26)
comes from momentum not high, such that Hii and Hkk
can be approximated by mZ and mW +mκ, respectively.
Then, |ν(1)κ 〉 can be approximately written in the follow-
ing form,
|ν(1)κ 〉 ≃
1
mZ
|ϕκ1〉+ 1
mW +mκ
|ϕκ2〉, (27)
where |ϕκ1〉 ∈ EνZ comes from the first summation on the
rhs of Eq.(26) and |ϕκ2〉 ∈ Eνκ comes from the second
summation. Below, we neglect contributions from the
second- and higher-order perturbation-expansion terms
of |νκ〉.
We find that the two terms on the rhs of Eq.(27) should
have close norms, as discussed below. The form of the
bare Lagrangian in Eq.(2) implies that the effective inter-
action Hamiltonian for the interaction between |ζ0〉 and
|Φi〉 ∈ EνZ should have the following form,
H1 = − g˜
2 cos θw
ν˜Lγ
µν˜LZ˜
0
µ, (28)
where ν˜L and Z˜
0
µ represents the renormalized neutrino
field and the renormalized Z0-boson field, respectively,
θw is the Weinberg angle, and g˜ is a renormalized cou-
pling constant. Meanwhile, the effective interaction
Hamiltonian for the coupling between |ζ0〉 and |Φk〉 ∈ Eνκ
is written as
H2 = − g˜√
2
(
ν˜Lγ
µκ˜LW˜
+
µ + κ˜Lγ
µν˜LW˜
−
µ
)
, (29)
where κ˜L and W˜
±
µ represent the renormalized lepton κ
field and the renormalized W±-boson field, respectively.
From the forms of H1 and H2 given above, it is
seen that prefactors of the elements Hi0 and Hk0 should
have a difference of 1/(
√
2 cos θw). Noting the relation
mW = mZ cos θw, the difference between the two factors
1/mZ and 1/(mW +mκ) ≃ 1/mW on the rhs of Eq.(27)
compensates the cos θw part in the factor 1/(
√
2 cos θw).
Moreover, in the above expressions the left-handed neu-
trino field is written in the same way as in the SM, where
it has no right-handed part; this gives rise to a factor
1/
√
2 in its normalization coefficient compared with that
of the κ field. This factor 1/
√
2 compensates the 1/
√
2
part in 1/(
√
2 cos θW). Therefore, the two terms on the
rhs of Eq.(27), i.e., 1
mZ
|ϕκ1〉 and 1mW+mκ |ϕκ2〉 should
have similar expansion coefficients in the basis |Φi〉 and
|Φk〉, respectively. This implies that
1
m2Z
〈ϕκ1|ϕκ1〉 ≃ 1
m2W
〈ϕκ2|ϕκ2〉. (30)
For the sake of convenience in later discussions, we
write the state |νκ〉 as
|νκ〉 = |ϕ0〉+ |ηκ〉, (31)
where |ϕ0〉 ∈ EνZ and |ηκ〉 ∈ Eνκ . Up to the first-order
perturbation expansion, the above discussions give that
|ϕ0〉 ≃ Nκ
(
|ζ0〉+ 1
mZ
|ϕκ1〉
)
, (32a)
|ηκ〉 ≃ Nκ
mW +mκ
|ϕκ2〉. (32b)
If the state |ζ0〉 has a small population in the state |νκ〉,
then, Eq.(30) implies that,
〈ϕ0|ϕ0〉 ≃ 〈ηκ|ηκ〉. (33)
Now, let us compute the eigenvalue E0νκ , given by
E0νκ = 〈νκ|HνZκ|νκ〉. Simple derivation shows that
E0νκ ≃ ǫ′ν0 +
G1
mZ
+
G2
mW +mκ
, (34)
6where ǫ′ν0 = N
2
κ ǫν0 and
G1 = 2N
2
κ ℜ
(
〈ζ0|VZ |ϕκ1〉
)
+ N 2κ
〈ϕκ1|HνZ |ϕκ1〉
mZ
, (35)
G2 = 2N
2
κ ℜ
(
〈ζ0|Vκ|ϕκ2〉+ 〈ϕκ1|H
ν
Zκ|ϕκ2〉
mZ
)
+N 2κ
〈ϕκ2|HνZκ|ϕκ2〉
mW +mκ
, (36)
with ℜ( ) indicating the real part of ( ). Since the ba-
sic neutrino interacts in the same way with the three
charged leptons κ, the dependence of |ϕ0〉, G1, and G2
on κ should comes from the masses mκ. Then, noting
that mW ≫ mκ, from previous discussions about the
vectors |ϕκ1〉 and |ϕκ2〉 and Eqs.(35)-(36), it is seen that
the vector |ϕ0〉 and the two quantities G1 and G2 should
be approximately independent of κ. This implies that
E0νe ≈ E0νµ ≈ E0ντ . (37)
More exactly, direct derivation shows that
E0νκ − Eνκ′ ≈
mκ′ −mκ
m2W
G2. (38)
C. |νκ〉 as flavor neutrino states
In this section, we discuss conditions, under which the
states |νκ〉 in Eq.(31) can be associated with flavor neu-
trino states. Below, for brevity, we indicate the three
flavor neutrinos as κ-neutrinos with κ = e, µ, and τ .
Let us first discuss some subspaces in which flavor neu-
trino states may lie. To find out such subspaces, one
method is to study those states that the interaction V
may generate from a W+-boson state |Ψλ
W+
〉 in Eq.(15),
in the accompany of a charged lepton κ. To be spe-
cific, let us discuss, say, a subspace for an e-neutrino;
it is spanned by those states that may be generated in
processes of the form W+ → e+ + e-neutrino, in the
accompany of positron states |Ψα
e+
(p)〉. To find out pos-
sible configurations of the Fock states for the subspace,
it is unnecessary to write complete expressions of the
Fock states and, for brevity, we just write, e.g., |e+〉
for |e+αp 〉. It is not difficult to check that the process,
W+ → e+ + e-neutrino, generates the following configu-
rations of Fock states,
|e+〉|ν〉, |e+〉|ν〉|A〉, |e+〉|ν〉|Z〉, |W+〉|ν〉|ν〉,
|e+〉|W+〉|e〉, |W+〉|e+〉|e〉, . . . . (39)
Furthermore, it is not difficult to verify that all these
states are contained in direct-product spaces of the type
Ee+(p)⊗ EνZe(−p).
Therefore, it is reasonable to expect that a flavor e-
neutrino state with a zero momentum should lie in the
subspace EνZe. The most natural candidate in this sub-
space for this flavor neutrino state is the state that has
the lowest energy expectation value. This is just the
state |νe〉 discussed in the previous two sections. Simi-
larly, states of the flavor µ-neutrino and τ -neutrino with
zero total momentum should lie in the subspaces EνZµ and
EνZτ , respectively, with |νµ〉 and |ντ 〉 as the most natural
candidates.
Below, we study whether the states |νκ〉 may have the
following well-known property of flavor neutrinos, that is,
a κ-neutrino interacts effectively with the charged lepton
κ only, or almost so. This is a nontrivial problem in the
proposed model, because there is only one basic neutrino
and the three states |νκ〉 are not orthogonal to each other.
In fact, they have an overlap given by 〈νκ|νκ′〉 = 〈ϕ0|ϕ0〉
for κ 6= κ′.
Without loss of generality, let us study, say, whether
the transition νe + µ
+ → W+ may have a very small
amplitude, in contrast to the transition νe + e
+ → W+
which may have a notable amplitude. For a process
νe+ e
+ →W+, the initial states of the the two incoming
particles, before the interaction happens effectively, can
be taken as |νe(p)〉 (for the e-neutrino) and |Ψαe+(q)〉 (for
the positron). What is of interest is the probability am-
plitude for a W+-boson to come out, which is in a state
|Ψλ
W+
(k)〉 with k = p + q. This probability amplitude
corresponds to an element of the S-matrix. As is well
known, such probability amplitudes can be computed by
Feynman’s diagrams.
The amplitude for the basic Feynman diagram of νe +
e+ →W+, denoted by Gνee+
W+
, is written as
Gνee
+
W+
= 〈ΨλW+(k)|H |νe(p)〉|Ψαe+(q)〉. (40)
Similarly, the amplitude of the basic Feynman diagram
of νe + µ
+ →W+ is written as
Gνeµ
+
W+
= 〈ΨλW+(k)|H |νe(p)〉|Ψαµ+(q)〉. (41)
Below, we compare these two interaction amplitudes.
According to Eq. (31), the state |νe〉 can be written as
|νe〉 = a|ζ0〉+ |ϕ′0〉+ |ηe〉, (42)
where a = 〈ζ0|ϕ0〉 and |ϕ′0〉 = |ϕ0〉 − a|ζ0〉. Note that
|ϕ′0〉 is composed of vectors |Φi〉 in Eq. (22), each con-
taining a Z0-boson and a basic neutrino, meanwhile, |ηe〉
is composed of |Φk〉, each containing aW+-boson and an
electron. Substituting the expressions in Eqs.(13), (15),
and (42), with appropriate change of the total momenta,
into Eq.(40), it is not difficult to find that contributions
from terms with VZ and most terms with H0 and VB are
zero, and the same for contributions from |ϕ′0〉. The final
result can be schematically written as
Gνee
+
W+
≈ a〈W+|Ve|ζ0〉|e+〉
+
∑∫
a〈fW+ |〈W+|Ve|ζ0〉|e+〉|fe+〉
+〈fW+ |〈W+|H0 + Ve + VB |ηe〉
(
|e+〉+ |e+〉|fe+〉
)
,
(43)
7where, for brevity, labels for momentum and spin are not
written explicitly.
Following a similar procedure, one finds that the am-
plitude Gνeµ
+
W+
is schematically written as
Gνeµ
+
W+
≈ a〈W+|Vµ|ζ0〉|µ+〉
+
∑∫
a〈fW+ |〈W+|Vµ|ζ0〉|µ+〉|fµ+〉. (44)
From Eqs.(43) and (44), it is seen that, if the quantity
a is very small, then, the interaction amplitude Gνeµ
+
W+
is
very small, meanwhile, the amplitude Gνee
+
W+
usually has
notable values.
Following arguments similar to those given above, one
finds that, as long as the quantity a remains small, all the
interaction amplitudes Gνκκ
′+
W+
with κ 6= κ′ are small. In
other words, the probabilities of the processes νκ+κ
′+ →
W+ with κ 6= κ′ are much suppressed, compared with
those processes with κ = κ′. This suggests that the states
|νκ〉 may be interpreted as flavor κ-neutrino states.
IV. MASS STATES OF NEUTRINO
In this section, making use of the above-obtained ex-
pressions of the three states |νκ〉, we study properties of
the neutrino mass states |Ψs〉 in the space Eν . Since the
values E0νκ are close to each other [see Eq.(37)], usually
one can not get approximate expressions of the states
|Ψs〉 by a first-order perturbation treatment to |νκ〉.
To find approximate expressions for |Ψs〉, we employ
a variational approach. Specifically, in Sec.IVA we com-
pute the variation of a relevant functional at a specific
state vector; then, in Sec.IVB, making use of the result
obtained, we find approximate expressions for neutrino
mass states; finally, in Sec.IVC, we derive approximate
ratios of neutrino mass differences and compare them
with experimental results.
A. δF for a specific vector
In a variational approach to eigenstates of a Hamilto-
nian H , one computes variation of a functional F ,
F = 〈ψ|H |ψ〉 − λ〈ψ|ψ〉 (45)
for an unnormalized vector |ψ〉. Below, we compute δF
around the following vector,
|ψ〉 = |ϕ0〉+
∑
κ
cκ|ηκ〉, (46)
where cκ are real parameters satisfying∑
κ
cκ = 1. (47)
In this section, we compute the variation within the fol-
lowing subspace of Eν ,
Eν1 = EνZ ⊕ Eνe ⊕ Eνµ ⊕ Eντ . (48)
The results to be obtained will be used in the next section
when deriving an approximate expression for the mass
states |Ψs〉.
It proves convenient to first discuss the following func-
tionals,
Fκ = 〈νκ|HνZκ|νκ〉 − E0νκ 〈νκ|νκ〉. (49)
Equation (24) implies that δFk = 0 under an arbitrary
variation in the space EνZκ, given by |ϕ0〉 → |ϕ0〉+ |δϕ0〉
and cκ|ηκ〉 → cκ|ηκ〉 + |δηκ〉, where |δϕ0〉 ∈ EνZ and
|δηκ〉 ∈ Eνκ . It is not difficult to verify that
δFk = 2ℜ
(
〈δϕ0|HνZ |ϕ0〉+ 〈δϕ0|Vκ|ηκ〉+ 〈δηκ|HνZ |ηκ〉
+〈δηκ|Vκ|ϕ0〉+ 〈δηκ|Vκ|ηk〉
)
−E0νκℜ
(
〈δϕ0|ϕ0〉+ 〈δηκ|ηκ〉
)
. (50)
In the derivation of Eq.(50), the following properties have
been used:
(a) HνZ |ϕ0〉 & HνZ |δϕ0〉 ∈ EνZ ;
(b) the space EνZ is orthogonal to Eνκ ;
(c) 〈δϕ0|Vκ|ϕ0〉 = 0.
(51)
A generic variation of the vector |ψ〉 in the space Eν1 is
written as δ|ψ〉 = |δϕ0〉+
∑
κ |δηκ〉. This gives δ〈ψ|ψ〉 =
2ℜ(〈δϕ0|ϕ0〉+
∑
κ cκ〈δηκ|ηκ〉). Noting Eq.(47), one gets
that
δ〈ψ|ψ〉 = 2ℜ
[∑
κ
cκ
(〈δϕ0|ϕ0〉+ 〈δηκ|ηκ〉)] . (52)
Let us write
〈δψ|H |ψ〉 =
(
〈δϕ0|+
∑
κ1
〈δηκ1 |
)(
HνZ +
∑
κ
Vκ
)
×
(
|ϕ0〉+
∑
κ2
cκ2 |ηκ2〉
)
. (53)
Noting the properties in (51), the rhs of Eq.(53) is further
written as
〈δϕ0|HνZ |ϕ0〉+ 〈δϕ0|
∑
κ
Vκ
∑
κ2
cκ2 |ηκ2〉
+
∑
κ1
〈δηκ1 |HνZ
∑
κ2
cκ2 |ηκ2〉+
∑
κ1
〈δηκ1 |
∑
κ
Vκ|ϕ0〉
+
∑
κ1
〈δηκ1 |
∑
κ
Vκ
∑
κ2
cκ2 |ηκ2〉.
8Making use of the fact that none of 〈δϕ0|, |ϕ0〉, and HνZ
contains any particle κ, it is easy to see that
〈δϕ0|
∑
κ
Vκ
∑
κ2
cκ2 |ηκ2〉 =
∑
κ
cκ〈δϕ0|Vκ|ηκ〉, (54)∑
κ1
〈δηκ1 |HνZ
∑
κ2
cκ2 |ηκ2〉 =
∑
κ
cκ〈δηκ|HνZ |ηκ〉, (55)∑
κ1
〈δηκ1 |
∑
κ
Vκ|ϕ0〉 =
∑
κ
〈δηκ|Vκ|ϕ0〉. (56)
Furthermore, 〈δηκ1 |Vκ|ηκ2〉 = 0 if κ 6= κ1 or κ 6= κ2, as a
result,∑
κ1
〈δηκ1 |
∑
κ
Vκ
∑
κ2
cκ2 |ηκ2〉 =
∑
κ
cκ〈δηκ|Vκ|ηκ〉. (57)
Making use of the results given above, direct derivation
shows that
δF =
∑
κ
cκδFκ + δf1 + δf2, (58)
where
δf1 =
∑
κ
2ℜ
[
cκ(E
0
νκ
− λ)(〈δϕ0|ϕ0〉+ 〈δηκ|ηκ〉)], (59)
δf2 =
∑
κ
2ℜ
[
(1 − cκ)〈δηκ|Vκ|ϕ0〉
]
. (60)
It is not difficult to see that δFκ = 0 under an arbitrary
variation in the space Eν1 , hence, δF = δf1 + δf2.
B. Approximate expressions for neutrino mass
states
In this section, we discuss approximate expressions for
neutrino mass states, which can be obtained from |ψ〉 in
Eq.(46). A sufficient and necessary condition for |ψ〉 to
be an eigenstate of H is that δF = 0 under an arbitrary
variation in the space Eν .
Besides the above-discussed subspace Eν1 , the space
Eν contains other subspaces, specifically, Eν2 = Eνe ⊗ Eνµ ,
Eν3 = Eνe ⊗ Eντ , Eν4 = Eνµ ⊗ Eντ , and Eν5 = Eνe ⊗ Eνµ ⊗ Eντ .
We note that, with respect to each species κ, the total
Hamiltonian H can be written as
H = HνZκ +
∑
κ′ 6=κ
Vκ′ , (61)
and the subspace Eν1 contains all the ground states of
HνZκ of κ = e, µ, τ . Because of these properties, we as-
sume that major parts of a few lowest-lying eigenstates
of H in the space Eν may lie in this subspace Eν1 . To
find approximate expressions for these eigenstates, one
may consider δF within the subspace Eν1 , which has been
computed and given in Eq.(58).
If an eigenvalue λ is close to the three E0νκ , the values
of which are close to each other [see Eq.(37)], then, δf1
in Eq.(59) is small. Later, we’ll see that this assumption
about λ is self-consistent, in the sense that their values
to be derived are indeed close to E0νκ . Therefore, below,
we focus on the term δf2.
One can not considerably reduce all the three terms
of δf2 on the rhs of Eq.(60) at the same time. Let us
consider the following sets of (ce, cµ, cτ ), which we denote
by {c(s)κ } with s = 1, 2, 3,
(c(s)e , c
(s)
µ , c
(s)
τ ) =
 (−1, 1, 1) for s=1,(1,−1, 1) for s=2,(1, 1,−1) for s=3. (62)
We use |ψs〉 to indicate the vectors |ψ〉 given by the above
sets of {c(s)κ }, namely,
|ψs〉 = |ϕ0〉+
∑
κ
c(s)κ |ηκ〉. (63)
Noting Eq.(33), it is easy to see that |ψs〉 are approxi-
mately orthogonal to each other.
Let us consider one of the three vectors |ψs〉 with a
fixed value of s. For the specific values of c
(s)
κ given in
Eq.(62), δf2 vanishes under whatever variation within
two of the three subspaces of Eνκ for which c(s)κ = 1. In
the rest subspace Eνκ with c(s)κ = −1, one may have no-
table δf2; in principle, it should be possible to modify the
vector |ηκ〉 for this κ, such that δf2 can be considerably
reduced (see the appendix). However, this improvement
may be not so important, because as discussed previ-
ously we have neglected variations in the subspaces Eνi of
i = 2, 3, 4, 5.
Based on discussions given above, it should be reason-
able to expect that the states |ψs〉 be close to eigenstates
ofH . Since |ψs〉 are composed of the lowest-energy states
within the subspaces EνZκ, we argue that they may be
close to mass states of neutrino, namely, |ψs〉 ≈ |Ψs〉,
such that
H |ψs〉 ≈ ms|ψs〉, s = 1, 2, 3. (64)
C. Neutrino-mass differences
Now, we discuss properties of neutrino masses. Apply-
ing the projection operator for the subspace EνZ , denoted
by P νZ , to both sides of Eq.(64), one gets that
P νZ
[
HνZ |ϕ0〉+
∑
κ
c(s)κ Vκ|ηκ〉
]
≈ ms|ϕ0〉, (65)
where we have used the facts that
P νZH
ν
Z |ηκ〉 = 0, (66a)
P νZVκ|ϕ0〉 = 0, (66b)
P νZVκ|ηκ′〉 = 0, for κ 6= κ′. (66c)
9Making use of Eqs.(19), (31), and (66), it is not difficult
to find that
P νZH
ν
Zκ|νκ〉 = P νZ
(
HνZ |ϕ0〉+ Vκ|ηκ〉
)
. (67)
Then, inserting (
∑
κ c
(s)
κ ) = 1 before |ϕ0〉 on the left-
hand side of Eq.(65) and noting Eqs.(24) and (67), simple
derivation gives that
ms ≈
∑
κ
c(s)κ E
0
νκ
. (68)
It is seen that the values of λ given by thesems are indeed
close to E0νκ , which we assumed in the previous section.
Using the values of c
(s)
κ given in Eq.(62), Eq.(68) gives
that
m1 −m2 ≈ 2E0νmu − 2E0νe , (69a)
m1 −m3 ≈ 2E0ντ − 2E0νe , (69b)
m2 −m3 ≈ 2E0ντ − 2E0νmu. (69c)
Substituting Eq.(38) into Eq.(69) and noting the exper-
imental results that mW ≫ mτ ≫ mµ ≫ me, one finds
that
m1 −m2 ≈ −2mµG2/m2W , (70a)
m1 −m3 ≈ −2mτG2/m2W , (70b)
m2 −m3 ≈ −2mτG2/m2W . (70c)
Then, noting Eqs.(68) and (37), one gets that
∆m223
∆m212
≈ mτ
mµ
≃ 17, (71)
where ∆m2ij = m
2
i −m2j and the experimental results of
mµ ≃ 106Mev and mτ ≃ 1.8Gev have been used.
Global fits to neutrino oscillation measurements give
that |∆m212|ex ≃ 7.6 × 10−5eV2 and |∆m223|ex ≃ 2.5 ×
10−3eV2 [16–20], as a result,
|∆m223|ex
|∆m212|ex
≃ 33. (72)
Thus, the above theoretical estimate to the ratio of
neutrino-mass difference is about half of the experimental
result.
Finally, we discuss a possibility of giving a rough es-
timate to the scale of neutrino mass, by making use of
the above-discussed experimental results of |∆m212|ex and
|∆m223|ex. Note that, according to Eqs.(37) and (69), the
values of E0νκ and ms are close to each other. Hence, in
the discussion of a rough estimate to them, we simply
write them as mν .
If one neglects the term ǫ′ν0 in Eq.(34), then, one gets
that
G2 ≈ ηmνmW , (73)
where η = G2/(G1 +G2). Substituting Eq.(73) into the
first and third subequations of Eq.(70), one gets the fol-
lowing estimates to mν ,
mν ≈
√
|∆m212|exmW
4η mµ
≈ 0.17eV for η = 0.5, (74a)
mν ≈
√
|∆m223|exmW
4ηmτ
≈ 0.23eV for η = 0.5, (74b)
where the experimental result of mW ≃ 81Gev has been
used.
The estimates to neutrino mass given in Eq.(74) are in
consistence with a recent estimate of Σ = m1 +m2 +m3
obtained from cosmological data, which suggests that
0.05eV <∼ Σ <∼ 1eV [21]. They lie in the same order
of magnitude as results of some other analyses of cosmo-
logical data, which suggest upper bounds of Σ as 0.18eV
[22] and 0.15eV [23].
V. SUMMARY AND DISCUSSIONS
A. Summary
In this paper, a model is proposed, in which there is
only one basic neutrino at the fundamental level. Ba-
sically, it can be regarded as a modified version of the
GWS electroweak theory, with the three flavor neutrinos
there reduced to one basic neutrino. We study a renor-
malized version of this model and find that three types
of states in this model may be interpreted as three flavor
neutrino states.
Neutrino mass states are associated with low-lying
eigenstates of the total Hamiltonian within the smallest
subspace of the total state space, which contains a basic
neutrino state and is invariant under the action of the
interaction Hamiltonian. Based on a first-order pertur-
bation treatment to flavor neutrino states and on vari-
ational arguments within the above-discussed subspace,
we obtain an approximate expression for neutrino mass
states. Making use of this expression, an estimate is ob-
tained for a ratio of neutrino mass differences, which
turns out to be about half of the experimental result.
Moreover, an estimate to the scale of neutrino mass is
gotten, which lies in the same order of magnitude as those
obtained from analyses of cosmological data. These re-
sults suggest that the proposed model should be worth
consideration in the search for a satisfactory explanation
to neutrino oscillation.
We list below main approximations used in the deriva-
tion of the above-discussed estimates.
• (i) The states |νκ〉 can be approximated by their
first-order perturbation expansions [see Eq.(32)].
• (ii) Equation (27), which is obtained under the as-
sumption that the main contribution to the rhs of
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Eq.(26) comes from low-lying momentum states,
gives a good approximation to Eq.(26).
• (iii) In the derivation of Eq.(64), variations in the
subspaces Eνi of i = 2, 3, 4, 5 are neglected and one
term in δf2 is not considered.
B. Some further discussions
Firstly, we discuss a possible direction of improve-
ment in future computation of neutrino mass proper-
ties. Among the three approximations listed above, the
third one seems the most significant. It is reasonable to
expect that, when contributions from the subspaces Eνi
of i = 2, 3, 4, 5 and from the above-mentioned term in
δf2 are taken into account, the expression of neutrino
mass states in Eq.(63) may be considerably improved.
In fact, in this equation the three flavor neutrino states
have equal weights, while, experimental data suggest that
the weights should be different. As discussed in the ap-
pendix, the above-mentioned term in δf2 may require
some change in the weights.
Next, we discuss some impacts of the following predic-
tion of the proposed model, that is, the flavor neutrino
states |νκ〉 are not orthogonal to each other, but have an
overlap given by 〈νκ|νκ′〉 = 〈ϕ0|ϕ0〉 for κ 6= κ′. A con-
dition for this result to be consistent with experimental
results has been discussed in Sec.III C.
One impact is that, when only flavor neutrino states
are considered in the application of Born’s rule, the ordi-
nary treatment of making use of von Neumann’s projec-
tive measurements [24] may be invalid. This problem is
usually not serious, because charged particles are usually
involved in experiments of neutrinos, the former of which
have orthogonal states. The problem can also be solved
by making use of some schemes more general than von
Neumann’s, which do not require orthogonality of the
generated states. For example, one may consider the so-
called POVM measurements [25], which has been studied
extensively in the passed two decades.
Another impact is related to the three-dimensional
mass matrix for neutrino discussed in the section of intro-
duction. In the proposed model, a corresponding matrix
is written as 〈νκ|H |νκ′〉, which is given in a nonorthogo-
nal basis.
Finally, we discuss some consequence of the interpre-
tation of the states |νκ〉 as flavor neutrino states. This
interpretation implies that interactions of flavor neutrino
states with other particles may be more complicated than
those described in the SM. For example, in the proposed
model, possibly the processes νκ+κ
′+ →W+ with κ 6= κ′
are not completely forbidden, though they are much sup-
pressed compared with the processes with κ = κ′ (see
discussions given in Sec.III C); in contrast, the former
processes are completely forbidden in the SM.
We note that the above prediction is not necessarily in
confliction with experimental results. In fact, as reported
in LSND [26, 27] and MiniBooNE [28, 29] experiments,
there is > 3σ evidence of νe appearance in a νµ beam,
and a νe signal appeared in a νµ beam in MiniBooNE.
These experiments may be explained, if processes like
νµ+e→W− may happen with a small probability, which
implies that with a small probability a flavor neutrino νµ
may behave like a flavor neutrino νe.
In future investigations, it would be of interest to study
whether the proposed model could be really useful in ex-
plaining the above-discussed anomaly observed in neu-
trino experiments. One may also study other anomalies,
particularly, the so-called reactor anomaly [30–32], the
Gallium anomaly [33–36], and an anomaly observed in
Nutev experiments [37].
Acknowledgments
The author is grateful to Guijun Ding for valuable
discussions and suggestions. This work was partially
supported by the National Natural Science Foundation
of China under Grant Nos. 11535011 and 11775210.
Appendix A: A possibility of reducing δf2
In this appendix, we discuss a possibility of further
reducing δf2 for variations within the subspace Eνκ for
which c
(s)
κ = −1. To this end, one may consider a modi-
fication to |ψs〉, denoted by |ψ′s〉,
|ψ′s〉 = |ϕ0〉+
∑
κ
c(s)κ (|ηκ〉+ |ξκ〉), (A1)
where |ξκ〉 = 0 if c(s)κ = 1, and |ξκ〉 6= 0 if c(s)κ = −1.
Under the same variation |δψ〉 as that discussed in the
main text, 〈δψ|H |ψ′s〉 gets the following additional terms,
cκ
(〈δϕ0|Vκ|ξκ〉+ 〈δηκ|HνZ |ξκ〉+ 〈δηκ|Vκ|ξκ〉),
and λ〈δψ|ψ〉 gets an additional term of −cκλ〈δηκ|ξκ(s)〉,
where κ is determined by s according to the relation
c
(s)
κ = −1. These additional terms can be canceled, to-
gether with δf2 in Eq.(60) and the term 〈δϕ0|(E0νκ −
λ)|ϕ0〉 in δf1, if |ξκ〉 may be chosen such that
PZν Vκ|ξκ〉+ (E0νκ − λ)|ϕ0〉 = 0, (A2)
HνZ |ξκ〉+ Vκ|ξκ〉 − λ|ξκ〉 = 2Vκ|ϕ0〉, (A3)
where PZν represents the projection operator for the sub-
space EZν . Then, δF remains small for what ever variation
from |ψ′s〉 within the space Eνκ .
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